Most measurement methods based on ultrasound, such as sound velocity, absorption or flow measurement systems, require that the acoustic wave propagation is linear. In many cases, linear wave propagation is assumed due to small signal amplitudes or verified, for example, by analysing the received signal spectra for the generation of harmonic frequency components. In this contribution, we present an approach to quantify occurrence of non-linear effects of acoustic wave propagation in ultrasonic measurement systems based on the evaluation of the acoustic Reynolds number. One parameter required for the determination of the acoustic Reynolds number is the particle velocity of the acoustic wave, which is not trivially obtained in most measurement systems. We thus present a model-based approach to estimate the particle velocity of an acoustic wave by identifying a Mason model from electrical impedance measurements of a given transducer. The Mason model is then used to determine the transducer's velocity output for a given electrical signal, allowing for an evaluation of the acoustic Reynolds number for different target media.
Motivation
Due to the character of the differential equations that describe the behaviour of fluids, such as the Navier-Stokes-Equation and the equation of state for the respective fluid, all acoustic wave propagation is non-linear. When deriving the differential equation for an acoustic wave, one assumes the amplitude of the acoustic wave to be sufficiently small, so that the non-linear terms that exist in constituting equations are negligible [1] . Thus, for applications of acoustic waves that are assumed to be linear, it has to be determined if the amplitude of the acoustic wave created by a given transducer satisfies the aforementioned condition. One option to verify if the acoustic signal's particle velocity amplitude v 0 is sufficiently small is to consider the acoustic Reynolds number N Re [2] :
where c denotes the sound velocity and ρ denotes the density of the medium. ω is the angular frequency of the acoustic wave and µ are the combined linear thermal and viscous losses in the fluid:
with the shear viscosity µ s and the volume viscosity µ v . c p and c v are the isobaric and isochoric specific heat capacities and ν is the thermal conductivity of the fluid. The acoustic Reynolds number N Re describes the relation of the accumulation of non-linear effects to the effects of linear absorption caused by the thermal and viscous losses µ. Thus, for N Re ≫ 1 non-linear effects are predominant, while for N Re ≪ 1, linear absorption dominates the properties of acoustic wave propagation [2] . For practical applications this relationship implies that the sound propagation tends to be more linear if the losses µ in the medium are high. This can be expressed as a lower bound for µ if the requirement N Re ≪ 1 is to be satisfied:
In equation (1) and equation (3) the product of sound velocity c and density ρ can be replaced by the specific acoustic impedance of the medium Z.
While the values of the sound velocity and the density of the medium, as well as the angular frequency ω of the acoustic wave, are usually available and the losses µ can be estimated, the particle velocity amplitude v 0 is not trivially obtainable. As the acoustic wave amplitude in a simplified acoustic measurement system usually has its maximum at the transmitting transducer's active surface, one can assume v 0 to be the normal velocity of said surface. While this velocity can be measured by means of laser vibrometry, the surface has to be loaded with the target medium during the measurement. Moreover, this requires the medium to be transparent and the transducer's active surface to be optically accessible. Thus, a more general approach to estimate the transducer's surface velocity is implemented by identifying a three-port Mason model using impedance measurements.
Transducer modelling
To model the electromechanical behaviour of a transducer in the spectral range around its thickness resonance frequency, the established Mason model [3] is applied. The model uses a three-port network with two mechanical ports (with force F i and velocity v i ) and one electrical port (with voltage u and current i). The mechanical ports represent the faces of a given piezoelectric transducer. The three-port can be described mathematically by a 3 × 3 matrix M: with parameters
Here, Z m,t is the mechanical impedance of the transducer's mechanical port, defined by the product of density ρ t and sound velocity c t of the transducer's material and the area A t of the transducer. The parameter h t couples the electrical and the mechanical properties of the model and is determined using the piezoelectric coupling factor k t and the permittivity ε t . Finally, the electrical capacitance of the transducer is represented by C t , which depends on the thickness t of the transducer. For the identification of a given transducer, the mechanical ports of the models are terminated using the mechanical impedance of the adjacent medium (figure 1). Setting F i = −v i Z m,i , this enables to solve equation (4) for the frequency-dependent electrical impedance Z el = u/i of the transducer model. In an inverse procedure, the parameters of the Mason model for a given ultrasonic transducer are identified by comparing the electrical impedance of the model Z el with the electrical impedance Z meas of a physical transducer [4] . As the physical transducer is to be used in an acoustic absorption measurement system based on an established system for sound velocity measurement (e.g. applied by Javed et al. [5] ), it consists of a piezoelectric disc surrounded on both sides by the target medium. For the identification of the transducer, measurements in air are performed assuming the acoustic impedance of air (412 kg m −2 s −1 ) multiplied by the area of the transducer to terminate the mechanical ports of the model. For the modelling of other transducers, the specific acoustic impedance of the backing material can be used for the termination of one mechanical port with the value estimated or identified in the subsequent optimization process. The transducer identified here consists of a hard lead zirconate titanate ceramic (PIC181, PI Ceramic GmbH ), has a thickness of 0.2 mm and a radius of 8 mm. The density of the material is measured gravimetrically with the result conforming with the manufacturer's value of 7800 kg m −3 . This leaves only three parameters of the terminated Mason model to be identified: The sound velocity of the transducer's material c t , the piezoelectric coupling factor k t , and the permittivity ε t . As a cost function for the inverse procedure, the difference in the frequency-dependent magnitude of model and measured impedance is weighted with an arctangent function for robustness. Then, the sum of the squares of this expression is minimized using a Trust Region Reflective algorithm [6] . This optimization process yields the following parameters for the identified Mason model of the transducer: c t = 4380 m s −1 , k t = 0.450, and ε t = 5.49 · 10 −9 A s V −1 m −1 . The resulting impedance of the model matches the measured impedance closely (figure 2), with only the areas close to the resonance and antiresonance frequency showing significant deviation. This is due to the low resp. high impedance values close to these frequencies, which result in an increased noise and uncertainty in the measurement with the impedance analyser (E4990A, Keysight Technologies) used. As PIC181 is a hard piezoelectric material, pronounced resonance and antiresonance frequencies are, however, expected. The measurement also shows superimposed influence of radial modes that the Mason model cannot represent as it is based on one-dimensional considerations.
Estimation of non-linearity
With the Mason model identified in the previous section, it is possible to model the electromechanical behaviour of the transducer. This allows to estimate the velocity of the faces of the transducer for a given voltage. Changing the terminating mechanical impedance also allows to estimate the velocity for changing target media. Assuming that the transducer is terminated with the same mechanical impedance (Z m = A t Z) at both mechanical ports as before, solving equation (4) for v/u yields the frequency response of the transducer in transmission mode:
Note that γ also depends on the angular frequency ω (section 2). For continuous, monofrequent excitation of acoustic waves, one can apply equation (6) directly by setting u to the electrical signal's amplitude and solving for the velocity v. The absolute value of v can then be used as an estimate for the particle velocity close to the transducers surface v 0 , allowing to determine the acoustic Reynolds number N Re using equation (1) . In physical measurement systems, however, signals are typically limited in the temporal regime and thus have a finitely small bandwidth. As equation (6) 
The resulting transient velocity v(t) of the transducer's faces can then be evaluated for its maximum as an estimate for v 0 :
v 0 ≈ max(v(t)).
Similar to the physical setup [5] , the electrical excitation signal u(t) is modelled as a Gaussian modulated sinusoidal pulse with a centre frequency of 10.5 MHz, a relative bandwidth of 0.1, and a peak voltage of 1 V. As the setup utilizes the pulse-echo technique, the centre frequency is chosen between the resonance and antiresonance frequency (figure 2) of the transducer to enable transmitting and receiving operation. The setup is used for a variety of different fluids, so the maximum of the velocity v 0 is evaluated dependent on the specific acoustic impedance Z of the fluid. The results are then inserted in equation (3) to determine the lower bound of the linear losses µ the fluid to be analysed needs to have for the acoustic Reynolds number to be less than one, resulting in predominately linear wave propagation. To analyse a wide range of the specific acoustic impedance, the results are presented with logarithmic scales ( figure 3) , showing that the minimal losses µ for linear sound propagation increase with the specific acoustic impedance Z of the target fluid. At values for the specific acoustic impedance of the fluid that approach and exceed the specific acoustic impedance of the transducer's material, the minimal losses for linear sound propagation show a constant value. Note that these results are only valid for the setup and transducer described before with an excitation signal voltage of 1 V. As a reference, the specific acoustic impedances and losses of several fluids at 293 K and 100 kPa are included in figure 3 as well [7] . The losses µ depicted are low estimates, as they only include the influence of shear viscosity and thermal conductivity (µ = 4 3 µ s + cp−cv cp·cv ν), omitting the additional loss caused by the relatively unexplored volume viscosity. Thus, in a physical setup, the difference between the minimal losses necessary for linear sound propagation and the actual losses in the respective fluid is expected to be more significant. The sound propagation in all fluids used for the comparison is expected to be predominantly linear, if the identified transducer and the excitation signal is used. The distance to the lower boundary for the losses is significant for the gases used for comparison (helium, air, argon and xenon), showing that the acoustic Reynolds number of these transducer-fluid combinations is significantly smaller than one. For the depicted liquids (n-hexane, methanol, ethanol and water), the distance to the depicted graph is smaller. Especially if n-Hexane is analysed with the identified transducer, the acoustic Reynolds number approaches one. In this case, non-linear wave propagation may occur and measures to prevent or detect these non-linear effects, such as lowering the signal voltage or analysing the acoustic signal spectrum for higher harmonics, should be taken. It should be noted that changing the thermodynamic state of the fluids will result in different properties (Z and µ) which could potentially fail to satisfy equation (3) . Also note that these considerations constitute a worst-case assessment, as additional dissipative effects that may prevent non-linear wave propagation in the fluid, such as the effects of losses in the transducer's material and additional linear absorption due to volume viscosity, are neglected.
Conclusions
A means to assess whether acoustic wave propagation can be assumed as linear in a given medium is the acoustic Reynolds number. The evaluation of this parameter, however, requires quantitative information about the particle velocity. This velocity can be estimated using a Mason model for a given transducer, which can be identified by a measurement of the transducer's frequency-dependent electrical impedance. The procedure requires no direct measurement of the particle velocity or other acoustic quantities and is thus easy to realize experimentally for a variety of application scenarios.
The approach may be further expanded by applying more in-depth models for the transducers, using e.g. chain matrices for the modelling of matching layers [8] or complete finite-element simulations. As the results of these consideration describe a worst-case scenario (if the aim is to have linear sound propagation), edge cases (N Re ≈ 1) should be reviewed by evaluating the acoustic signal spectrum for the existence of harmonic frequencies caused by non-linearity.
